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Abstract discounted POMDP4n this paper, we bridge the representa-

tional gap among the different types of POMDPSs, showing in
particular how to transforrdiscounted POMDPB81to equiv-
alentGoal POMDPs and use this transformation to compare
point-based algorithms and RTDP-Bel over the existiisy
counted benchmarksThe results appear to contradict the
conventional wisdom in the area showing that RTDP-Bel is
competitive, and indeed, often superior to point-based algo-
rithms. The transformations among POMDPs are also new,
and show that Goal POMDPs are actually more expressive
than discounted POMDPs, a result that generalizes one for
MDPs in[Bertsekas and Tsitsiklis, 1996, pp. 39140

The paper is organized as follows. We consider in order
Goal MDPs and RTDP (Sect. 2), Goal POMDPs and RTDP-
Bel (Sect. 3), discounted POMDPs and point-based algo-
rithms (Sect. 4), the equivalence-preserving transformations
among different types of POMDPs (Sect. 5), the experimen-
tal comparison between point-based algorithms and RTDP-
Bel (Sect. 6), and end with a brief discussion (Sect. 7).

Point-based algorithms and RTDP-Bel are approx-
imate methods for solving POMDPs that replace
the full updates of parallel value iteration by faster
and more effective updates at selected beliefs. An
important difference between the two methods is
that the former adopt Sondik's representation of
the value function, while the latter uses a tabular
representation and a discretization function. The
algorithms, however, have not been compared up
to now, because they target different POMDPs:
discounted POMDPs on the one hand, and Goal
POMDPs on the other. In this paper, we bridge
this representational gap, showing how to trans-
form discounted POMDPs into Goal POMDPs,
and use the transformation to compare RTDP-Bel
with point-based algorithms over the existing dis-
counted benchmarks. The results appear to contra-
dict the conventional wisdom in the area showing
that RTDP-Bel is competitive, and sometimes su-
perior to point-based algorithms in both quality and 2 Goal MDPs and RTDP

time.
Shortest-pathMDPs provide a generalization of the state

. models traditionally used in heuristic search and planning,
1 Introduction accommodating stochastic actions and full state observabil-
In recent years, a number of point-based algorithms have bedty [Bertsekas, 1995 They are given by
proposed for solving large POMDRSmith and Simmons,
2005; Spaan and Vlassis, 2005; Pineaal., 2006; Shanet SP1. anon-empty state spate
al., 2007. These algorithms adopt Sondik’s representation ofSP2. & non-empty set of target stafes. S,
the value function but replace the complex full synchronousSP3. a set of actiond,*
updates by faster and more effective updates at selected bgP4. probabilities?, (s'|s) fora € A, s, s’ € S, and
liefs. Some of the elements of pomt_-based algorlfchms ArBp5 coste(a, s) for a € A ands € S.
common to RTDP-Bel, an older and simpler approximate al-
gorithm based on RTDEBartoet al, 1995, that also com- The target statesare assumed to be absorbing and cost-free,
bines simulation and point-based updates but represents tieaningP,(t|t) = 1 andc(a,t) = 0 for alla € A. Goal
value function in a straightforward manner by means of a taMDPs are shortest-path MDPs with a known initial state
ble and a discretization functidBonet and Geffner, 1998a; and positive action costg(a, s) for all a and non-terminal
1998b; 200D. While the two type of algorithms have not been statess. A Goal MDP has a solution, and hence, an opti-
experimentally compared up to now, it is widely believed thatmal solution, if a target (goal) state is reachable from every
Sondik’s representation is crucial for speed and quality, angtate. A policyr is optimal if it minimizes the expected cost
thus, that algorithms such as RTDP-Bel cannot match thenio the goalV’™ (s) for all statess. This optimal expected cost,
One of the reasons that this comparison has not been done
is that RTDP-Bel targets a class of shortest-path POMDPs  For simplicity, and without loss of generalization, we assume
with positive action costs while point-based algorithms targethat all actions inA are applicable in all states.



1. Start with s = . For the implementation of RTDP, the estimaiégs) are
2. Evaluate each actior in s as: stored in a hash table that initially contains the heuristic value
, , of the initial state only. Then, when the value of a statkat
Q(a,s) = c(a,s) + > pa(s'[s)V(s) is not in the table is needed, a new entry fowith value
s'€S V(s) = h(s) is allocated. These entries are updated follow-

ing (2) when a move from is performed.

L , , s :
initializing V(s') to h(s") whens"is notin hash The simple greedy search combined with updates in both

i' 3eléactta(‘:;|onz:that minimizes(a, s). RTDP and LRTA* yields two key properties. First, a single

- Update V(s) to Q(f’" S.) o , trial of these algorithms eventually terminates in a goal state.
5. Samplenext states’ with probability P (s[s) Second, successive trials, using the same hash table, eventu-
6. Finish if s’ is target, else := s’ and goto 2 ally deliver an optimal cost functiolr*, and thus an optimal

Figure 1: Single Trial of RTDP (partial) policymy « over the relevant states.These two proper-
] ) ] ties hold for Goal MDPs only, under the assumption that the
denoted a¥’*(s), is the unique solution of the Bellman equa- goga] is reachable from any state (with positive probability)
tion and that the initial value function is a lower bouf®harto et
. . . al., 1999. They donot hold in general for arbitrary shortest-
Vi(s) = lggg{c(“’ s) + Z Pa(s'|s)V (S/)} (1) path MDPs nor for generaiscounted cost-based (or reward-
s'€s based) MDPsIndeed, in such cases RTDP may easily enter
foralls ¢ S\ 7T, andV*(s) = 0fors € T. The into a loop, as when some of the action costs are zero.
Bellman equation can be solved by tialue Iteration(VI)
method, where a value functidn, initialized arbitrarily, ex- 3 Goal POMDPs and RTDP-Bel

ceptV(t) = 0 for targetst, is up_dated iteratively until con- Partially Observable MDPs generalize MDPs by modeling
vergence using the right-hand side of (1) as: agents that have incomplete state informafi®andik, 1978;
. , , Monahan, 1983; Kaelblingt al., 1999 in the form of a prior
Vi(s) := gg‘l{c(av s) + Z Pa(s'|s)V (s )} - (@) Dbeliefb, that expresses a probability distribution ovégrand
s'es a sensor model made up of a set of observation tokeasd
This method for computing’* is known as parallel value probabilitiesQ, (o[s) of observing> € O upon entering state
iteration. Inasynchronous value iteratipstates are updated s after doinga. Formally, aGoal POMDPis a tuple given by:
according to (2) in any order. Asynchronous VI also deliverspO1. a non-empty state spage
the optimal value functio* provided that all the states are po2. an initial belief statéy,
updated sufficiently oftefBertsekas, 1995 With V- = V*,  pq3 4 non-empty set of target (or goal) stafes S,

thegreedy policyry is an optimal policy, wheray, is PO4. a set of actiond
_ . , , PO5. probabilities?,(s'|s) fora € A, s,s" € S,
mv(s) = aragéf‘m{da’ s)+ D Pals'ls)V (s )} - @ pos. positivecostsc(a, s) for non-target states € S,

s'eS .
) ) ~ PO7. aset of observatios and
Recent Al methods for solving MDPs are aimed at makingpog. probabilitie®),, (o|s) for a € A,0 € O, s € S.

dynamic programming methods more selective by incorporat- . .

ing ideas developed in heuristic search. One of the first sucp is assumed that target stateare cost-free, absorbing, and
methods iReal-Time Dynamic Programmi&TDP), intro-  [ully observable; i.e.c(a, ) = 0, Py (t[t) = 1, andt € O, SO
duced in[Bartoet al, 1993, which is a generalization of the thatQa(t|s)is 1if s = ¢ and0 otherwise. Thearget beliefs

LRTA* algorithm [Korf, 1090 that works for deterministic ©OF 9oals are the beliefssuch thab(s) = 0 for s € S\ T.
models only. The most common way to solve POMDPs is by formu-

RTDP is an asynchronous value iteration algorithm of al2ting them as completely observable MDPs over libgef

special type: it can converge to the optimal value functionStatesof the agenfAstrom, 1965; Sondik, 1918 Indeed,

and policy over the relevant stateithout having to consider while the effepts of actions on states cannot b_e predicted, the
all the states in the problenFor achieving this, and in con- ©ffécts of actions obelief statesan. More precisely, the be-
trast with standard value iteration algorithms, RTDP uses aﬁe‘c_ba that results from doing actiomin the beliefb, and the
admissibleheuristic function or lower boundl as the initial ~ Pelief; that results from observingafter doinga in b, are:

value function. Provided with such a lower bound, RTDP se-

/ /
lects for update the states that are reachable from the initial ba(s) = Z Pa(s]s")b(s), )
statesq through the greedy policyy, in a way that interleaves s'€s
simulation and updates. The code for a single trial of RTDP b,(0) = Z Qo(0]8)ba(s), (5)
is shown in Fig. 1. ses
The quality of the heuristic used to initialize the value func- b2(5) = Qa(0|8)ba(s) /ba(0) if ba(0) # 0. (6)

tion is crucial for RTDP and LRTA*. In both cases, better

heuristic values mean a more focused search, and a more fés a result, thgartially observablgroblem of going from an
cused search means more updates on the states that matieitial state to a goal state is transformed into doepletely
thus allowing the value function to bootstrap more quickly. observablgroblem of going from onéitial belief stateinto



=

atarget belief state The Bellman equation for the resulting . Start with b = by.

belief MDP is 2. Samplestates with probabilityb(s).
3. Evaluate each actior in b as:
V(o) = min{ o) + 2 bV w0 Qa.b) = e(a.b) + 3 bu(o)V(ES)
0€O
for non-target belief$ and VV*(b;) = 0 otherwise, where initializin o 0\ if po i i
: g V(b9) to h(b2) if b? is not in the hash,
¢(a, b) is the expected codC s cla, s)b(s). _ 4. Selectactiona that minimizesQ(a, b).
The RTDP-Bel algorithm, depicted in Fig. 2 is a straight- 5. Update V() to Q(a, b)
forward adaptation of RTDP to Goal POMDPs where states 6. Sp I t stat ) .t'h bability P. (s’
are replaced by belief states updated according to (7). There| _- amplenext states” with probabiiity a(s |3)',
is just one difference between RTDP-Bel and RTDP: in order | /- Sampleobiervgtlom with probability Qa (o[s").
to bound the size of the hash table and make the updates more 8- Compute b using (6).
effective, each time that the hash table is accessed for read-| 9. Finishif b is target belief, elsé := b7 ands := s’
ing or writing the valuéV/ (b), the beliefb is discretized The and goto 3.
discretization functionl is extremely simple and maps each Figyre 2: RTDP-Bel is RTDP over the belief MDP with an
entryb(s) into the entry: additional provision: for reading or writing the valdigb) in
d(b(s)) = ceil(D # b(s)) ®) the hash table; is replaced byi(b) whered is the discretiza-

tion function.

whereD is a positive integer (the discretization parameter),

and cei(z) is the least integer . For example, ifD = 10 4 Discount and Point-based Algorithms
andb is the vector(0.22,0.44,0.34) over the states € S,
d(b) is the vector(3, 5, 4).

Notice that the discretized beli@ib) is not a belief and
does not have to represent one. It just represents the uniq
cell in the hash table that stores the value function tor
and of all other belief$’ such thatd(b’) = d(b). The dis-
cretization is used only in the operations for accessing the
hash table and it does not affect the beliefs that are gener- KON s * (1o
ated during a trial. Using a terminology that is common in Vi) = gﬂ{c(a’b) 7 Z bal0)V (ba)} S
Reinforcement Learning, the discretization is a sinfplec-
tion approximationdevice [Bertsekas and Tsitsiklis, 1996; ] ] ]
Sutton and Barto, 1998where a single parameter, the value The expected cost™ (b) for policy 7 is always well-defined
stored at celki(b) in the hash table is used to represent theand bounded b¢'/(1 — ) whereC'is the largest cost(a, 5)
value of all beliefs’ that discretize intal(b') = d(b). This  in the problem.

approximation relies on the assumption that the value of be- piscountedeward-basedOMDPs are similar except that
liefs that are close, should be close as well. Moreover, th?ewardST(a, s) are used instead of costgu, s), and a max
discretization preserves supports (the statedth b(s) > 0)  operator is used in the Bellman equation instead of min. A
and thus never collapses the value of two beliefs if there is giscounted reward-based POMDP can be easily translated
state that is excluded by one but not by the other. into an equivalent discounted cost-based POMDP by simply
The theoretical consequences of the discretization are sewnultiplying all rewards by-1.
eral. First, convergence is not guaranteed and actually the
value in a cell may oscillate. Second, the value function ap-
proximated in this way does not remain necessarily a lowe
bound® These problems are common to most of the (non- p Ut In Sondik ; lUe f
linear) function approximations schemes used in practice, anfll ©X@Ct solutions. In Sondik's representation, a value func-
the simple discretization scheme used in RTDP-Bel is no exton V is represented as a finite geof | S|-dimensional real
ception. The question, however, is how well this functionveCtOrS such that
approximation scheme works in practice.

Discountedcost-based®OMDPs differ from Goal POMDPs

in. two ways: target states are not required and a discount
actory € (0,1) is used instead. The Bellman equation for
discounted models becomes:

00O

Point-based algorithms target discounted POMDPs. They
se a finite representation of the (exact) value function for
OMDPs due to Sondik [1971] that enables the computation

V(b) =max » «(s)b(s) =maxa-b. (20)
2This property becomes more important in problems involving ol s€S ach
action preconditionfBonet, 2002

3Some of the theoretical shortcomings of RTDP-Bel can be ad

dressed by storing in the hash table the values of a set of selectépaolmk;based alg(I)rlthTs, thowev.(tarz, freptlace tr&e updatef? oi_full
belief points, and then using suitable interpolation methods for ap-SynC ronous value ieration with faster and more €efiective

proximating the value of beliefs points that are not in the table. Thidipdates at selected beliefs. The update at a single lelief
is what grid-based methods fidauskrecht, 2040 These interpola-  Of @ function V', represented by a sét of vectorsa, re-
tions, however, involve a large computational overhead, and do ndults in the addition of a single vector I called backuf),
appear to be cost-effective. whose computation in vector notation[Rineauet al.,, 2006;



Shaniet al,, 2007: POMDP R by adding a fully observable target state
t so thatP,(t|s) = 1 — v, P,(s'|s) = vPE(s|s),

b
backup(b) = Argmax. g, - b, (11) O, (tlt) = 1 andO,(s|t) = 0 where is the discount
9a-a€ factor in R and P/(s'|s) refers to the transition proba-
0€0 Ja.o €l Theorem 2. The transformation& — R+ C, R — kR and
9o (s) = Z a(s")Qu(0]s") Pa(s'] ). (13) R — R are all equivalence-preserving.
'€ Proof (sketch):One shows that i’ (b) is the value function

This computation can be executed efficiently in timefor the policyr in &z over the non-target beliets and hence
O(|A||0||S||T|) and forms the basis of all point-based the (unique) solution of the Bellman equation fom R:
POMDP algorithms that differ mainly in the selection of the

belief points to update and the order of the updates. VE(D) =r(ba)+7 Y ba(0)VE (DY), (14)
0€O
5 Transformation of POMDPs thenVz (b) + C/(1 — v) is the solution of the Bellman equa-

For transforming discounted POMDPs into equivalent Goafion for the same policyr in the modelR + C, kV{ (b)
POMDPs, we need to make precise the notion of equivalencés the solution of the Bellman equation farin kR, and
Let us say that theignof a POMDP ispositiveif it is a cost- V7 (b) itself is the solution of Bellman equation for in
based POMDP, andegativeif it is a reward-based POMDP. R This aI_I mvolves_the manipulation of Fhe Bellman equa-
Also, let V7 (b) denote the expected cost (resp. reward) fromtion for 7 in the various models. In particular, for proving
b in a positive (resp. negative) POMDH. Then, if the tar-  Vi+c(b) = VE(b) + C/(1 — ), for example, we add the
get states are absorbing, cost-free, and observable, an equixpressiorC’ = C/(1 — ~) to both sides of (14), to obtain:

alence relation among two POMDPs of any types can be ex- - , e ,
pressed as follows: VE(D) +C' = [C+rba)] +7 ) ba(o) [VF(BS) + C']

Definition 1. Two POMDPSsR and M are equivalent if they 0€0
have the same set of non-target states, and there are two coasC’ = C + vC”, and thus/; (b) + C" is the solution of the

stantsa and 5 such that for every policyr and non-target  Bellman equation forr in R + C. O
beliefb, V(b)) = oV (b) + 6 witha > 0 if R and M are i

. . ) . and C' a constant that bounds all rewards iR from above;
Thatis, two POMDP4 and M are equivalentiftheirvalue o ~ < maxg s 7(a,s). Then,M = —R+ C is a Goal

functions are related by a simple linear transformation ovebqonpp equivalent ta?. Indeed,

the same set of non-target beliefs. It follows thaRiind M

are equivalent, they have the same optimal policies and the VE(D) ==V b))+ C/(1—7) (15)

same ‘preference order’ among policies. ThusRifs a dis- . -

counted reward-based POMDP ahflis an equivalent Goal for all non-target belief$ and policiesr.

POMDP, we can obtain optimal and/or suboptimal policiespyqof (sketch): For suchC, —R is a discounted cost-based

for R by running an optimal and/or approximate algorithm po\vpp, — g + ¢ is a discounted cost-based POMDP with

over. _ positive costs, and/ = —R+ C is a Goal POMDP. A
We say that a transformation that maps a POMUDRnto straightforward calculation shows the (b) = — V75 (b) +

M i; equivalence-pr_eservin@ M and M’ are equivalent.. C/(1 — ~) for all non-target beliefé, and hence/f (b) =
In this work, we consider three transformations, all of WhIChaVX/r[(b) + 3 with a negativex = —1, in agreement with the

leave certain parameters of the POMDP unaffected. In th‘%igns of R and M. O
following transformations, we only mention the parameters
that change: As an illustration, the transformation of the discounted

T1. is about the addition of a constafit(pos- reward-based POMD_P Tiger _with 2 states into a Goal
i]t?v:cff :egaltive) tch) all rewalr:js/costs It rﬁég a dis-POMDP with 3 states is shown in Fig. 3, where the third state
counted POMDPR into the discounted POMDR is a target (absorbing, costs-free, and observable). Although

; not shown, the rewards are transformed into positive costs by
SE ab?;;ebglic(g]%;iecfe(\pgrgi(gess)pjr CCC'))S_@)L’ s) (resp. multiplying them by—1 and adding them the constarit, as
T2. R — kR is about the multiplication by a constant~ 0 the maximal reward for the original problemi.
(positive or negative) of all rewards/costs. It maps a dis- . .
counted POMDER into the discounted POMDRR by 6 RTDP-Bel vs. Point-based Algorithms
replacing the rewards (resp. cost$), s) (resp.c(a,s))  For comparing RTDP-Bel with point-based algorithms over
by kr(a, s) (resp.kc(a, s)). If k is negative,? andk?  discounted benchmarks, we run RTDP-Bel over the equiv-
have opposite signs. alent Goal POMDPSV/ and evaluate the resulting policies
T3. R — R eliminates the discount factor. It maps a back in the original modeR in the standard way. In the ex-
discounted cost-based POMDR into a shortest-path periments, we use the discretization paraméter 15. We
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Figure 3: Transformation of the discounted reward-basedrigure 4: Performance of RTDP-Bel over Tag for three dis-
POMDP problem Tiger with two states (top) and= 0.95 cretization parameterd) = 5, D = 15 andD = 25.

into a Goal POMDP problem (bottom) with an extra target

state. cases forD = 5 and D = 15 are similar in this problem

except that in the first case RTDP-Bel takes 290 seconds and

have also found it useful to avoid transitions in the simula-uses 250k hash entries, and in the second, 493 seconds and
tion to the dummy target statecreated in the transformation 2.5m hash entries. The caseldf= 25 is different as RTDP-
which makes long trials unlikely. Notice that target beligfs Bel needs then more than 300,000 trials to reach the target
do not need to be explored or visited¥ds(b;) = h(b;) = 0.  ADR. In this case, RTDP-Bel takes 935 seconds and uses

The point-based algorithms considered are HSM@ith  7.7m hash entries. In this problem = 5 works best, but
and Simmons, 2045 PBVI [Pineauet al, 2004, Perseus in other problems finer discretizations are needed. All the
[Spaan and Vlassis, 20Dand FSVI[Shaniet al, 2004. As  results in Table 1 are witlh = 15.
usual, we also include the QMDP policy.

Table 1 displays the average discounted reward (ADR) off Discussion

Fhe policies obtain('ad- by each Of t'he algorithms, the .timeRTDP-BeI is a simple adaptation of the RTDP algorithm to
in seconds for obtaining such policies, and some algorithmg, | '5oMDPs that precedes the recent generation of point-
specific information: for HSVI2 the number of planes in the o aigorithms and some of its ideas. The experiments
f!nal po!lcy, ]‘or Perseys and PBVI+GER thg number Of. be'show, however, that RTDP-Bel can be competitive, and even
liets points in the belief set, for FSVI the size of the fm_al superior to point-based algorithms in both time and quality.
value function, and for RTDP-Bel the final number ofentnes-l-hiS raises two questions. First, why RTDP-Bel has been

in the hash table and the number of trials. neglected up to now, and second, why RTDP-Bel does as

Except when indicated, the data has been collected by runge|i> \we do not know the answer to the first question but

ning the algorithms on our machine (a Xeon at 2.0GHz), fromy ;g et that the reason is that RTDP-Bel has been used over
code made available by the authors. For FSVI, the experigiscounted benchmarks where it doesn't work. RTDP-Bel
ments on Tag and LifeSurvey1 did not finish, with the algo-is for Goal POMDPs, in the same way that RTDP is for
rithm appareptly cycling with a poor po_I|cy. _ _ Goal MDPs. In this work, we have shown how discounted
The ADR is measured over 1,000 simulation trials of 250poMDPs can be translated into equivalent Goal POMDPs for
steps each, except in three problems: Hallway, Hallway2, angrpp_Bel to be used. About the second question, the reasons
Tag. These problems include designated ‘goal states’ that akg5t RTDP-Bel does well on goal POMDPs appear to be sim-
not absorbing. In these cases, simulation trials are terminatgg 1o the reasons that RTDP does well on goal MDPs: re-
when such states are reached. _stricting the updates to the states generated by the stochastic
As it can be seen from the table, RTDP-Bel does particusjmylation of the greedy policy appears to be quite effective,
larly well in the 6 largest problems (Tag, RockSample, andansuring convergence without getting trapped into loops. The
LifeSurveyl): in 4 of these problems RTDP-Bel returns thegjscretization in POMDPs, if suitable, doesn't appear to hurt
best policies (highest ADR) and in the other two, it returnsthis. On the other hand, this property does not result from
policies that are within the confidence interval of the besta)ye functions represented in Sondik’s form that encode up-
algorithm. In addition, in 4 of these problems (the largestyer hounds rather than lower bounds (in the cost setting). The
4), RTDP-Bel is also the fastest. On the other hand, RTDP¢y,q type of methods, however, are not incompatible and it

Bel does not perform as well in the 3 smallest problems, anghay be possible to combine the strengths of both.
in particular in the two Hallway problems where it produces

weaker policies in more time than all the other algorithms. Acknowledgments
We also studied the effect of using different discretizationswye thank J. Pineau and S. Thrun, T. Smith and G. Shani for helping

Fig. 4 shows the quality of the policies resulting from up to us with PBVI, HSVI2 and FSVI. The work of H. Geffner is partially
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