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Abstract place. In this paper we describe methods for duplicate avoid
_ ) _ ) ance and give concrete examples of how to implement them.
Depth-first search is effective at solving hard com- We show how duplicate avoidance techniques can be com-

binatorial problems, but if the problem space has  pined with other pruning techniques to reduce the size of the
a graph structure the same nodes may be searched search, and we show how to avoid a pitfall in implementing
many times. This may increase the size of the  duplicate avoidance that would invalidate a search algorit

search exponentially. We explore two techniques Our discussion of duplicate elimination techniques will be
that prevent this: duplicate detection and dupli- in the context of a particular problem: finding exact treetvid
cate avoidance. We illustrate these techniques on  Treewidth is a fundamental property of a graph with signif-
the treewidth problem, a combinatorial optimiza- icant implications for several areas of artificial intedigce

tion problem with applications to a variety of re- research. A reason for focusing on treewidth is that a natura
search areas. The bottleneck for previous treewidth  search space for it uses a maximum edge cost function. As
algorithms is a large memory requirement. We de- e discuss in a later section, in an iterative-deepeninghkea

velop a duplicate avoidance technique for treewidth  on a problem with a maximum edge cost function, every du-
and demonstrate that it significantly outperforms  pjicate node can be discarded. This makes these problems
other algorithms when memory is limited. well-suited for studying duplicate elimination technigue

1 Introduction 2 Treewidth and Maximum Edge Cost Search

Single-agent pathfinding is a heuristic search problenisglv 2.1 Treewidth Definition and Applications
technique where a solution is found as an agent seeks a pallte present a definition of treewidth in terms of optimal verte
to a goal in an abstract problem space. The problem space ca&fimination orders. Note that the graphs discussed here are
be represented by a graph, where nodes correspond to stat#gdirected and without self-loops.
and edges correspond to operations. The search graph mayEliminatinga vertex from a graph is defined as the process
include many paths from the start to any single node. Whewf adding an edge between every pair of the vertex’s neigh-
the same node is reached from multiple paths in the searchprs that are not already adjacent, then removing the vertex
we refer to it as a duplicate node. The existence of dupkcateand all edges incident to it. Aertex elimination ordeis a
can lead to an exponential increase in the size of the seardhtal order in which to eliminate the vertices in a graph. The
if not properly eliminated. Depth-first search is particlya  width of an elimination order is defined as the maximum de-
prone to exploring a large number of duplicates, because, igree of any vertex when it is eliminated from the graph. Fi-
its simplest form, it makes no effort at duplicate elimioati  nally, thetreewidthof a graph is the minimum width over all
Two methods of eliminating duplicate nodes are duplicatgpossible elimination orders, and any order whose widthés th
detection and duplicate avoidance. Duplicate detectibesre treewidth is aroptimal vertex elimination order
on a list, where nodes that have already been encounteredFinding a graph’s treewidth is central to many queries and
are stored. When an new node is encountered, we can cheokerations in a variety of artificial intelligence reseaacbas,
against the list to see if the node is a duplicate and whether including probabilistic reasoning, constraint satisfawtand
should be discarded. Duplicate detection is well studiatl anknowledge representation. These research areas genesally
typically simple to implement. a graph to represent some information about the world and
Another type of duplicate elimination technique is dupli- conduct various queries and operations on the graph. Know-
cate avoidance. Whereas duplicate detection generatetea nong the treewidth of the graph and having an optimal elimi-
and checks it against a list, the purpose of duplicate avoidnation order can significantly speed up these queries. Some
ance is to prevent duplicates from being generated in tre firexamples of this include bucket elimination for inference i
Bayesian networkiDechter, 199band jointree clustering for
*This paper has been accepted for oral presentation at I08AI- constraint satisfactiofDechter and Pearl, 1989



A helpful property of ID on a maximum edge cost search
space is that no node need be explored more than once. In a
single iteration of ID, once a node is expanded, we will githe
find a goal reachable from the node, or we will rule out every
descendant node reachable from the node. Descendant nodes
may be ruled out because an edge exceeds the cutoff, or as a
result of other pruning methods. If a solution is found, then
our search can terminate because we have found an optimal
solution. If no solution is found, then we know that there
is no path from this node to a goal node with cost less than
the cutoff. Therefore, in the course of our search, if we ever
encounter a node that was previously expanded, we know that
it does not lead to a solution.

Notice that this is not the case for iterative deepening with
an additive cost function. With additive costs, whether deao
leads to a solution depends, not only on the search space be-

While some classes of highly structured graphs havédow that node, but also on the cost of the path to it.
known treewidth [Bodlaender, 2005 determining the
treewidth of a general graph is NP-complpAenborget al.,
1987. This inherent difficulty makes treewidth a natural can-

Figure 1: A graph we seek the treewidth of (left), and the
corresponding search space (right).

3 Techniques for Duplicate Elimination

didate for heuristic search techniques. The search space for treewidth and many other problems is a
L graph, therefore the same node can be reached from many dif-
2.2 The Vertex Elimination Order Search Space ferent paths. A simple depth-first search of a graph will eaus

A natural search space for treewidth involves construaiing  every node to be explored once for each path to it. In a search
timal vertex elimination orders. For a simple example, con-for the treewidth of a graph withv vertices, the search graph
sider searching for an optimal elimination order for thepgra has2” unique nodes, while depth-first search would generate
on the left in Figure 1. The corresponding search space i©(N!) nodes. After a node has been generated once, we refer
shown on the right in Figure 1. Eliminating a set of verticesto any future encounters with that node as duplicates. & thi
from a graph leads to the same resulting graph, regardless e&ction we discuss techniques for duplicate elimination.

the order in which the vertices are eliminated. Thus, a étate  Duplicate detectiomefers to methods for eliminating du-
this search space can be represented by the unordered sefptitate node expansions by caching previously encountered
eliminated vertices. At the root node, no vertices have beenodes and checking any new nodes against the cache. In
eliminated, and, at the goal node, all three vertices haea be a depth-first search, duplicate detection is typically atco
eliminated. To transition from one node to another, a végex plished with a hash table, referred to asansposition table
eliminated from the graph. The cost of a transition, which la into which every encountered node is inserted. In the case of
bels the corresponding edge in the search space, is theedegteeewidth, the key to the table is a bitstring of lengii with

of the vertex when itis eliminated. A solution path représen a bit set if the corresponding vertex has been eliminated fro

a particular elimination order, and the width of that order i the graph. When a new node is generated, we check the trans-

the maximum edge cost on the solution path. position table to see if it includes the corresponding bitgt
) ) ) If it does, then the node is pruned. On difficult problemsé¢her
2.3 Maximum Edge Cost Iterative Deepening will not be enough memory for the transposition table toestor

A notable detail of the vertex elimination order search spac every node that is encountered. When memory is exhausted,
is the fact that a solution path is measured by its maximunthe algorithm can use a replacement scheme, such as least-
edge cost. Most problems in the search literature use an adgecently used (LRU), to make room for new nodes.
ditive cost function, where a path is evaluated by summing Anothertechnique for eliminating duplicate nodes invslve
its edge costs. In fact, a search algorithm may behave quiteecognizing when the search space includes multiple valid
differently with a maximum versus an additive cost function paths to the same node and preventing all but one of them
Iterative deepening (ID) is a search technique where drom being explored. We refer to this daplicate avoidance
search is conducted as a series of iterations with an increabecause it prevents duplicate nodes from being generated in
ing cutoff valuglKorf, 1985. Each iteration is a search where the first place. Duplicate avoidance techniques are based on
solutions are only explored if they have a cost that does natlentifying sets of duplicate operator sequencdsach se-
exceed the cutoff. If an iteration is completed without fiigli  quence represents a different path between two nodes in the
a solution, then any solution must cost more than the cutsearch space. Identifying duplicate operator sequenges fo
off, thus the cutoff is incremented and the search is regdeatea particular problem and using them to avoid duplicates re-
Iterative deepening is effective for problems where theetim quires knowledge about the problem space. Next, we will
required to search increases significantly with each inerdm show how this can be done for treewidth. We distinguish
of the cutoff. In the past, it has been predominately appliedbetween two types of duplicate avoidanckzductivedupli-
to problems with an additive cost function. We consider howcate avoidance, the existence of which can be deduced from
its behavior is different with a maximum edge cost function. a description of the problem space; anductiveduplicate



avoidance, which is discovered in the course of a search. @ @

4 Deductive Duplicate Avoidance /

Deductive duplicate avoidance involves examining the prob @ @
lem space for structure that allows us to avoid exploring re-
dundant paths to a node. This is related to the well-studied
idea of eliminating symmetry in a search space. In the case
of treewidth, we consider partial elimination orders synwne
ric if they result in the same graph and incur the same cosindexed will depend on the particular problem and will have
Gogate and Decht¢2004 developed the following pruning a significant impact on the effectiveness of this technique.
rule, which identifies symmetries that occur when a series of Storing every “good enough” sequence may amount to ex-
non-adjacent vertices are eliminated. Here we assume thplicitly storing the entire search space, which is infelesdn
there is some total ordering over the vertices in the graph. any interesting problem. This can be dealt with by limiting

Independent Vertex Pruning Rule (IVPR)the current  the scope of the duplicate avoidance. For example, we could
node was reached from the start node by the partial eliminaimit the size of the sequences that are saved, or we could
tion order(v; . .. vq), prune all children that result from elim-  limit the number of sequences. Another option is to limit it
inating a vertexw such that there exists, 1 < < d, where  to only certain types of duplicate operator sequences. ihis
v; > w andw was not adjacent to any vertey, i < j < d. the approach we take with treewidth in the next section.

Our experiments (Section 8) show that IVPR eliminates a
large number of duplicates, though many remain. The nex6.2 Inductive Duplicate Avoidance for Treewidth
section attempts to address the remaining duplicate nbdes t Consider a search for the treewidth of the graph in Figure 2,

we are unable to eliminate with deductive avoidance. . X S

and assume the following ordering over the verticds:<

. . . B < C < D < E. There are six possible duplicate orders

5 Inductive Duplicate Avoidance for eliminating verticesA, C, andE; and IVPR avoids four of
Eliminating a set of vertices from a graph produces the samthem, leaving:(A, C, E) and(E, A, C). Notice that the cost
graph regardless of the order the vertices are eliminated irof the first sequence isiax(3,2,2) = 3, and the cost of the
In the previous section, we saw how IVPR avoids duplicatesecond isnax(2,2,2) = 2. In the context of an ID search,
by imposing a canonical order on the elimination of non-if cutoff = 2 then only the second sequence is explored and
adjacent vertices. The other orders need not be explored b#here is no duplicate. On the other hand, if the cuteff3
cause they would cost the same as the canonical order. Unfaihen both sequences are valid and redundant. To avoid the
tunately, when considering duplicate sequences thatdeclu duplicate we designate whichever sequence is explored first
vertices that are adjacent to each other, we no longer knows “good enough”, and use it to avoid exploring the other.
a priori how the costs of different orders will relate. In the Since IVPR already eliminates duplicate nodes due to sets
context of an iteration of ID search, if the cost of one of thes of non-adjacent vertices, here we will focus on sets of adja-
orders exceeds the cutoff then that operator sequence isrcent vertices. We will refer to this duplicate avoidancéntec
valid. If more than one don't exceed the cutoff, then theynique as th®ependent Vertex Pruning Rule (DVRBgcause
represent redundant duplicates that could be avoided.idn thit involves avoiding duplicates that arise from the subsequ
section we will discuss a technique for recognizing valid du elimination of adjacent vertices. The key aspects to imple-
plicate operator sequences and avoiding all but one of themmenting this technique are (1) identifying and storing “doo

enough” orders, (2) determining when eliminating a vertex
5.1 A General Procedure will lead to a duplicate and should thus be pruned, and (3)
Suppose that, at some point in an ID search for some prolgietermining when stored “good enough” orders are valid.
lem, we recognize that we have applied some sequence of The first task is to identify and store “good enough” orders.
operators from a set of duplicate operator sequences. Sin€é2nce a node is generated by eliminating a vertexwe ex-
the current sequence has been successfully executedsits camine the eliminations that led to nodeand identify any se-
must not have exceeded the cutoff value. Although there maguence of subsequently eliminated adjacent vertices it e
be other duplicate sequences in the set with a lesser aost, si with vertexv. For example, say we just generated the node
our search is iterative deepening we only care that the coshe follows from the elimination ord€4, C, E) in Figure 2.
does not exceed the cutoff. Therefore, we declare the durreiVe then identify( A, E') as a sequence of subsequent adjacent
sequence “good enough”, and, for the rest of the searchy avovertices ending in vertek'. Once such a sequence is identi-
all other duplicate sequences in the set. fied, we consider it a “good enough” order for eliminating

To accomplish this, we propose storing “good enough” sethose vertices, and we will store it.

guences as they are discovered. Then, as the search pro-The second task is to use the stored “good enough” orders
gresses, we can check the current node against that list to avoid duplicates. If we have determined that some order
determine if any child node would represent a duplicate ois “good enough,” then any other ordering of the included
some “good enough” sequence. If it does we can prune thatertices will result in a duplicate. Suppose we have stored
child, and thereby avoid generating the correspondingidupl some “good enough” order, and all but one vertexin that order
cate node. Clearly the way these sequences are stored ahds been eliminated. If the remaining vertex is not the last i

Figure 2: A graph we seek the treewidth of.



the order, then eliminating it would generate a duplicatdeno overzealous pruning. A dominance criterion states thatie@no
and we can prune. If the remaining vertex is the last in thecan be pruned because there is another node that is at least as
order, then eliminating that vertex corresponds to exptpri good. Duplicate avoidance states that a node can be pruned
the “good enough” order. Continuing the example above, sapecause there is another path to it that either was or will be
we have stored “good enough” ordet, E') and the current explored. These pruning rules can conflict if a node is not
node in the search corresponds to the graph in Figure 2 witgenerated because the dominance criterion pruned thetparen
no vertices eliminated. If we eliminate vertéX then we will  that duplicate avoidance would allow to generate it. This ca
notice that eliminatingd next is redundant with the “good be fixed by ensuring that duplicate avoidance never prezents
enough” order. On the other hand Afis eliminated first, we node from generating a child if the parent that it would allow
will notice that eliminatingE’ next corresponds to the “good to generate that child was pruned by the dominance criterion
enough” order, thus we can go ahead and eliminate it. We should note that this conflict was not mentioned by
The final task necessary for our description of DVPR is toGogate and Dechtd2004 and neither was any method of
determine when a stored “good enough” order is valid. Wecorrecting for it. This omission means that their algorithm
consider an order valid when we know that it can be exewhich combined IVPR with several dominance criteria to find
cuted without being pruned by the cutoff. An order becomedreewidth, would have incorrectly pruned too many nodes. In
invalid when the graph structure has changed such that weur experiments, discussed in Section 8, we adapt IVPR and
no longer know that following that sequence of eliminationsDVPR to incorporate the correction mentioned above.
will not exceed the cutoff. We determine the validity of a
“good enough” order by monitoring the included vertices asy Existing Tools for Treewidth Search
the graph changes. We know that the cost of an order will
not change as long as no vertex adjacent to those in the orde, useful pruning rule, thé\djacent Vertex Dominance Cri-
besides those in the order themselves, are eliminatedmiéso terion (AVDC) is based on a result attributed to Dirac (see
vertex that is not adjacent to any in the “good enough” ordeiGogate and Decht¢004). It states that every graph has an
is eliminated, then the order remains valid. But if someasert optimal vertex elimination order with no adjacent vertieps
is eliminated that is not in the order but is adjacent to somepearing consecutively until the graph becomes a cliquesThu
vertex that is, then the order is no longer valid. Returning t if the current node was reached by eliminating a vertexe
the example above, sdy, E) is a stored “good enough” or- can prune all children that result from eliminating any egrt
der, and we eliminat& and thenC' from the graph in Figure w that is adjacent te, unless the graph is a clique.
2. SinceC is adjacent to neitheA nor E when eliminated, Another useful pruning rule is th@raph Reduction Dom-
the “good enough” order remains valid and will be used toinance Criteria (GRDC)Bodlaendeet al. [2001] developed
avoid eliminatingA next. On the other hand, given the graph several criteria for identifying when a graph can be reduced
in Figure 2, if we eliminateB, then the neighborhood oA by immediately eliminating some set of vertices withous¥ai
has changed and the “good enough” order is no longer validing its treewidth. When these criteria, known assheplicial
andalmost simpliciakules, identify a vertex for elimination,
6 Duplicate Avoidance & Dominance Criteria W€ ¢an prune all other children of the currentnode.
The existing state-of-the-art algorithm for treewidth is
In an ID search, any technique that eliminates all duplgate Breadth-First Heuristic Treewidth (BFHT), developed by
whether duplicate detection or duplicate avoidance, will e Dow and Korf[2007, and enhanced with a faster method of
pand the same set of nodes, though they may be reached Hgriving the graph associated with a node, developed by Zhou
different paths. If the ID search is enhanced with other prunand Hanseh200§. A computational bottleneck in BFHT is
ing rules then duplicate avoidance may actually expandifewethat each time a node is expanded it must derive the corre-
nodes than duplicate detection. One such type of prunimg rulsponding graph. The original algorithm always derived the
is adominance criterionwhich says that, when expanding a node’s graph from the original graph. Zhou and Hansen ob-
node, one or more child nodes will always lead to a solutiorserved that it could be derived from the graph associatdd wit
that is at least as good as any solution following from somehe last expanded node. They use a large data structure to
other child node. The dominated node can then be prune@nsure that nodes with similar graphs are expanded consecu-
When combined with a dominance criterion, duplicate avoid+ively. Unfortunately, this increases the algorithm’s noeyn
ance can lead to expanding fewer nodes than would duplicatequirement “up to ten times.” We discard this data struc-
detection with the same dominance criterion. This is a tesulture and instead sort the nodes by their state represemtatio
of the fact that duplicate avoidance prevents duplica@® fr a bit vector where a bit is set if the corresponding vertex has
being generated, while duplicate detection does not. densi been eliminated. This method is as fast as the memory-based
some node: that can be generated by two potential parentsmethod and without the large memory requirement. This
p1 andps, and assume that both parents are generated ardiaim is supported by the fact that the performance results
expanded. Suppose that the dominance criterion causes reported here on benchmark graphs are comparable to those
be pruned when generated py, but not when generated by published by Zhou and Hans¢R00d, though the comput-
p2. Duplicate detection will certainly still generatevia ps. ers and implementations used do differ. Note that BFHT uses
Since duplicate avoidance only generatésom a single par- GRDC, but it is not obvious how to incorporate AVDC.
ent, if that parent ig; then it will not generate: at all. The final piece of existing treewidth research that we will
If not implemented correctly this combination may lead toemploy is a heuristic lower bound. We use the MMD+(least-
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Figure 3: Average nodes expanded (top) and running tim
(bottom) by ID algorithms on random graphs.

c) heuristic of Bodlaendeat al. [2004, and we refer readers
to the original publication for more details.

8 Empirical Results

Figure 4: Running time of ID2 and ID3 with various memory
limitations on a randomly generated graph with 42 vertices.

the transposition table, the correction to IVPR discussed
in Section 6, and the MMD+(least-c) lower bound.

ID3 Same as ID2 with the addition of DVPR.

Since all algorithms used in our experiments (including
BFHT) employ iterative deepening, performance data is only
presented for the final iteration before the optimal sotut®
found. This iteration proves that there is no eliminatiodesr
gvith width less than the treewidth. The vast majority of the
Search effort is expended on this iteration.

The first experiments show the effect described in Section 6
where dominance criteria combined with duplicate avoiganc
result in fewer expanded nodes. Figure 3 shows the average
performance of our ID algorithms on ten random graphs with
each of 36, 38, 40, and 42 vertices. Because of exceedingly
long runtimes, ID1 was not run on the 42-vertex graphs.

Here we evaluate the effectiveness of the techniques dis- 1€ first three data points in Figure 3 show that adding
cussed in the paper on the treewidth problem. Experimenty/PR to ID1 halves the number of nodes expanded, and
are conducted on random graphs and benchmark graphs. TREding VPR as well halves them again. These reductions
random graphs are generated with the following parametri€2n be attributed to combining duplicate avoidance with-dom

model: givenV, the number of vertices, anil, the number
of edges, generate a graph by choodihgdges uniformly at

inance criteria. We also see that ID2 and ID3 are three times
faster than ID1. ID2 expands half as many nodes as ID1 but

random from the set of all possible edges. All of the randonf"lY réquires a third of the time, because duplicate avaidan

graphs used in these experiments have an edge density of 02}

i.e.,0.1xV x(V — 1) edges. Testing suggested that this den
sity produced the most difficult graphs for various numbérs o

events duplicate generation as well as expansion. Fjnall
while ID3 expanded half as many nodes as ID2, it required
about the same amount of time to complete. This is because

vertices. The benchmark graphs include Bayesian networksVPR adds extra processing and, though fewer nodes are ex-

and graph coloring instances. Many of these have been us
to evaluate previous treewidth algorithms in the literatur

&anded, it ends up taking the same time.

The 42-vertex graphs in Figure 3 show a different dynamic

All algorithms were implemented in C++ and data was Petween ID2 and ID3. This set includes several graphs where

gathered on a Macbook with a 2 GHz Intel Core 2 Duo

processor running Ubuntu Linux. Although the processo

the transposition table was unable to hold every encouthtere
fode in the allocated 1800 MB, thus requiring the LRU re-

has two cores, the algorithm implementations are Sinmeplacementscheme. The data shows that the addition of DVPR

threaded. The system has 2 GB of memory, but to preve
paging we limited all algorithms to at most 1800 MB.

f|gd D3 to expand a third of the nodes expanded by ID2. Ap-

parently this was enough to make up for the extra computa-

Our experiments include several variations on the |Dtional overhead, because ID3 then runs for two thirds of the

search algorithm discussed in this paper. These algorith
employ AVDC, GRDC, and the MMD+(least-c) lower bound.

ID1 ID with a transposition table and LRU replacement.
ID2 Same as ID1 with the addition of IVPR. This is an iter-

mféme ID2 runs. As one would expect, once the transposition

table is unable to prevent all duplicate expansions, thé add
tion of DVPR makes a significant difference.

Our next set of experiments investigates this behavior fur-
ther. Figure 4 demonstrates the runtime of ID2 and ID3 on a

ative deepening version of the branch-and-bound algosingle random graph with various memory constraints. This

rithm of Gogate and Decht§2004 with the addition of

graphis the hardestinstance from the 42-vertex randonigrap



Graph Time (sec) W lized all 1800 MB and, as is consistent with the random graph
BFHT ID2 ID3 results, ID3 outperformed ID2 by a factor of two.
queen6-6 1.3 0.8 28| 25
queen’-7 109.5 69.2 62.6| 35 9 Conclusion
qnl:igg?ss 6?;%2 34??2'58 282;’ ;‘ ig Heuristic search on a graph-structured problem space can
as meh *23668.6 *12292'1 5 lead to an exponential increase in the size of the search ver-
pg - - sus the size of the problem space. In this paper, we have
B_diagnose 28.1 7.3 9.4 13 discussed several techniques for duplicate eliminati@ th
BN.78 15 0.7 0.7]13 can prevent this increase. We have shown that duplicate
BN_79 15 0.7 0.7]13 avoidance, as opposed to duplicate detection, can lead to a
bwt3ac 14 0.2 0.2] 16 substantial decrease in the number of expanded nodes when
depotOlac 71.4 17.2 25.7] 14 combined with dominance criteria. Additionally, we have
driverlogOlac| 175.1 12.9 23.7] 9 presented inductive duplicate avoidance, a duplicatedavoi

ance technique that does not require the a priori identificat
Table 1: Running time on benchmark graphs. ‘mem’ denotesf symmetries in the search space. We have demonstrated
algorithm required> 1800MB of memory and did not com-  how to implement this technique on the treewidth problem.
plete. *’ denotes that algorithm utilized all 1800MB. Our experimental results show that adding duplicate etmin
tion techniques to an iterative deepening search for tidtawi
consistently outperforms the existing state-of-the-arhard
set, and the only instance for which both ID2 and D3 utilizedbenchmark graphs. Existing techniques are limited by their
the entire 1800 MB of available memory. In this experiment,memory requirement, and we have shown that our method
we ran both algorithms while limiting memory usage to 1200,scales well when memory is limited.
600, 300, and 100 MB. The figure shows that when restricted
to 1800 MB of memory ID3 is twice as fast as ID2, when re- References
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