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Abstract

Crosswords for entertainment have been an ex-
tremely popular puzzle across the world for many
decades. The automated generation of crosswords
grids is a multi-disciplinary artificial intelligence
domain. The puzzle has been used as a bench-
mark in constraint programming. Recently, there
has been a games-specific interest, aiming at devel-
oping powerful crosswords-specific engines. De-
spite its importance, no detailed study of this do-
main has been available in the past.

In this paper, we study the domain dynamics when
the dictionary size and the number of blocked cells
vary, showing a multi-dimensional phase transition
phenomenon. We then introduce a model counting
formula for the crosswords domain, which is use-
ful, among other things, to predict the hardness of a
problem. We bridge our theoretical contributions
with the task of generating crosswords grids in
practice, by integrating the quality of solutions into
an easy-hard-easy transition analysis. Our analy-
sis shows that problems whose solutions have bet-
ter quality guarantees fall either in the hard region
of an easy-hard-easy transition, or in the leftmost
easy region, where no or very few solutions exist.
This points out the need for better grid composition
engines, able to find good-quality solutions in the
hard region within a reasonable time.

1 Introduction

In real life, crosswords have been a highly popular puzzle
across the world for many decades, particularly for entertain-
ment. Recently, human-machine competitions on crosswords
solving have been held as part of major artificial intelligence
(AI) conferences such as ECAI-06 and IJCAI-07. Creating
a crosswords puzzle includes two main components, which
often interleave and impact each other. One component is to
generate the grid. Given a grid size, a pattern of blocked cells
and one or more lists of words (dictionary), all slots have to
be filled with words from the dictionary. The other compo-
nent is to assign a clue to each word on the grid. In this work,
we focus on the generation of grids.

In AI research, the automated generation of crosswords
grids is a multi-disciplinary domain. This challenging NP-
hard problem is a textbook application of constraint pro-
gramming (CP). Though not very frequent, using cross-
words grids as a benchmark to test new algorithms is not
uncommon in the CP literature [Beacham et al., 2001;
Samaras and Stergiou, 2005; Katsirelos and Bacchus, 2005;
Lecoutre, 2008]. Recently, there has been an interest in
the games-related edge of the problem, aiming at develop-
ing powerful crosswords-specific engines (e.g., [Botea, 2007;
Anbulagan and Botea, 2008]).

We argue that crosswords can be a much more interesting
CP benchmark than other previously used puzzle domains,
such as N-queens and Sudoku, especially when the grid size
is the same. To obtain a range of N-queens puzzles, one can
vary only one parameter, which is the size of the board. In
Sudoku, parameters such as the grid size, the shape of the
marked internal contiguous regions, and the number of cells
whose values are given apriori can vary. However, the typical
Sudoku puzzles that are the most popular among users have
a fixed 9x9 size. The internal regions are 3x3 squares. The
number of apriori known cell values is constrained by the fact
that, usually, a Sudoku puzzle has to have a unique solution.

In contrast, collections of realistic crosswords instances
can vary along several dimensions, such as the grid size, the
number of blocked cells, and the dictionary size. For exam-
ple, a typical grid size in a newspaper can be as small as 4x4
and as large as 25x25, or even larger. Really hard instances
of the grid composition problem can exist for many of these
grid sizes. We show in this paper that, even for a grid size as
small as 9x9, instances in the hard region can be very chal-
lenging for a state-of-the-art solver. The dictionary size can
vary greatly as well. Puzzles where words need to belong to
a specific theme use a restricted dictionary. When no or a
broader theme is chosen, the dictionary can be larger. It is
interesting to study the domain behaviour when such param-
eters vary not only individually, but also in combination.

Despite the importance of crosswords, both in theory and
practice, no detailed study of this domain has been available
in the past, even though preliminary steps have been taken in
this direction [Anbulagan and Botea, 2008]. To address this
limitation, we provide the following main contributions.

We meticulously study the dynamics of the domain when
parameters such as the dictionary size and the number of



blocked cells vary. An easy-hard-easy pattern can naturally
be explained using the average hardness of problem instances
– defined, for example, as the state space size divided by
the number of solutions. Hence we introduce a formula to
estimate the number of solutions of a crosswords problem.
We bridge our theoretical contributions with the task of gen-
erating good-quality crosswords grids in practice. We also
believe that this is the first study that integrates the quality
of solutions into an easy-hard-easy phase transition analysis.
Our analysis shows that, according to the usual criteria used
to evaluate the quality of a puzzle, problems whose set of
solutions has better quality guarantees fall either in the hard
region of an easy-hard-easy pattern, or in the leftmost easy
region, where no or very few solutions exist. This evidence
points out the need for better grid composition engines, able
to find good-quality solutions in the hard region within a rea-
sonable time. So, let crosswords entertain AI.

2 Background

A problem instance p consists of a grid size, a fixed configura-
tion of blocked cells, and a dictionaryD. The task is to fill the
grid with words from the dictionary. No word can be placed
more than once on the grid. If all word slots on the grid are
represented as an ordered tuple (σ1, σ2, . . . , σn), a solution s
can be seen as an assignment s = (w1, w2, . . . , wn) ∈ Dn,
where wi is the word assigned to σi. We say that w ∈ s =
(w1, w2, . . . , wn) if (∃i) : w = wi. S(p) is the set of all
solutions to the problem instance p. Unless otherwise stated,
solving an instance means to find a first solution, or to prove
that no solution exists.
In our experiments, we use the COMBUS solver [Botea,

2007]. Although we consider it an important topic, the de-
scription of the solver goes beyond the goal of this paper.
We chose to use COMBUS as it appears to be one of the
most successful grid composers reported in the AI literature
[Anbulagan and Botea, 2008]. As in [Beacham et al., 2001;
Samaras and Stergiou, 2005], COMBUS implements a hybrid
CSP encoding where both cells and word slots are used as
variables. Consider a slot σ and its i-th cell κ. A binary inter-
section constraint enforces that the letter assigned to κ is the
same as the i-th letter of the word assigned to σ. Each pair
of same-length slots defines a repetition constraint, which for-
bids to place the same word into two distinct slots. The hybrid
encoding can be obtained from a basic model with only cell
variables by applying the hidden variable transformation. It
can also be seen as two combined viewpoints, one with high-
level slot variables and the other with low-level cell variables.

3 Multi-Dimensional Phase Transition

We study meticulously the hardness and the phase transition
of crossword puzzles when parameters such the dictionary
size and the number of blocked cells vary. COMBUS gets two
hours per instance on a 2.4 GHz Intel Duo Core CPU, 4 GB
RAM machine. A hard instance that cannot be solved before
the timeout is called a failed instance. We use the so-called
UK dictionary (containing 225,349 words), which is common
in crosswords-related research (e.g., [Beacham et al., 2001;
Anbulagan and Botea, 2008]).

Anbulagan and Botea [2008] provide an empirical study
using large grid sizes, which range up to 23x23. In this work,
we focus on smaller grid sizes, such as 6x6 and 9x9, which
allow to perform a more detailed analysis. For example, enu-
merating all solutions of an instance is often possible on a 6x6
grid, but infeasable on a typical 15x15 grid.

We created 590 9x9 grids, with the blocked cells placed
symmetrically with respect to the center of the grid. There are
one grid with no blocked cells, and one grid with 1 blocked
cell in the middle. There are 30 grids for each number of
blocked cells in the range 4 to 21. When the number of
blocked cells is either too small (2–3) or too large (22–23),
it is harder to create many realistic grids, so we created only
12 grids in each case. To obtain a range of dictionaries, we
vary the dictionary size by 5%, starting from an initial size of
5%. Therefore we obtain a set of 590× 20 = 11, 800 9x9 in-
stances. As many 9x9 instances cannot be solved within two
hours, we will show median data instead of mean ones.

We created a set of 6x6 puzzles as well. These are useful
to perform tasks such as counting all solutions, which cannot
be completed within a reasonable time on 9x9 puzzles. As it
is hard to design many 6x6 grids that respect usual practical
rules, such as avoiding two-letter slots and having the blocked
cells placed symmetrically, we use only one 6x6 grid, which
has two blocked cells. To obtain a range of problem instances,
we vary the dictionary size by 1%, from 1% up to 50%. For
each dictionary percentage, we create 20 dictionary instances
by randomly selecting words from the original dictionary. As
a result, there are 1, 000 6x6 puzzles.
Figure 1 presents the behaviour of crossword puzzles on

9x9 grids. Figure 1a plots the probability of soluble instances,
which was computed without considering the failed instances.
In the lower-left corner of the horizontal plane, where both
the dictionary size and the number of blocked cells are small,
there is a relatively large area where all instances are insol-
uble (insoluble region). In the opposite corner, where both
the dictionary size and the number of blocked cells are large,
there is a large area where all instances are soluble (soluble
region). The insoluble region tends to extend along the two
horizontal axes. Indeed, even if the dictionary size grows, the
puzzles having very small values for the number of blocked
cells are still insoluble. Note that, along the blocked-cell axis,
the insoluble area stops at 22–23 blocked cells. For any given
dictionary size from 5% upwards, puzzles with such many
blocked cells are soluble. Within the given time limit, the
percentages of soluble, insoluble and failed instances are, re-
spectively, 69%, 12.5% and 18.5%.

Figure 1b plots the median runtime of COMBUS. The hard
region starts at a dictionary size of 10%. As the dictionary
grows larger, the hard region shrinks. Notice the high flat
area in the upper-left corner, which covers a large part of the
rectangle where the dictionary size grows from 30% to 100%,
and the number of blocked cells ranges from 0 to 6. Almost
none of the 9x9 instances in this area can be solved within two
hours. We allocated more time to a selected subset of 20 in-
stances in the hard region. Four instances can be solved in 24
hours. Out of these, three instances are soluble (solutions are
found after 9, 623, 31, 389 and 49,850 seconds, respectively).
The fourth instance is proven unsolvable within 75, 788 sec-
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Figure 1: Behaviour of crossword puzzles on 9x9 grids.

onds. After five days, 4 more instances are solved. This in-
dicates that, despite the relatively small grid size, crossword
grid composition can be very challenging for current back-
tracking search algorithms.

In a classical one-dimension easy-hard-easy transition, the
two easy regions are separated by the hard region. Figure 1b
indicates that, in a multi-dimension easy-hard-easy transition,
the two easy regions can be contiguous. In the horizontal
plane, let (B,D) be the coordinates of a point corresponding
to B blocked cells and a dictionary percentage of D. The
lower-left corner of the horizontal plane (i.e., the one around
the (0, 5) point) corresponds to the easy region where there
are no or very few solutions. The opposite corner (around the
(23, 100) point) corresponds to the easy region where there
are many solutions. Note that these two regions communicate
through the area around the (23, 5) corner, where the large
number of blocked cells makes instances easy to solve.

By fixing one parameter (e.g., set the number of blocked
cells to 10), we can observe a classical one-dimension easy-
hard-easy pattern along the other parameter (e.g., dictionary
size). In Figure 1b, given a fixed number of blocked cells

B, D̂B is the dictionary size where the hardness peak occurs.

As B decreases from 14 to 8, D̂B tends to increase, and the

location of the hardness peak tends to converge towards the
hard region where no instance is solved. The zigzaging effect
from an even to an odd number of blocked cells is caused by
the way we have designed the 9x9 grids. With an odd number
of blocked cells, there is a blocked cell in the middle of the
grid, which makes an instance easier in many cases.

Figure 1d highlights the median number of nodes visited
in the search tree. It shows an evolution similar to the one
presented in Figure 1b. A closer examination of the results
presented in Figures 1a, 1b, and 1d indicates that the hard
region lies where the phase transition occurs, just as in the
classical one-dimension phase transition.

Figure 1c shows the median depth of the search tree. Inter-
estingly, the hard region corresponds to shallow mean depths.
For example, consider the subset of the hard region where the
number of blocked cells is three and the dictionary size ranges
from 10% to 100%. The mean depth slightly increases as the
dictionary grows, barely exceeding a value of 4. To explain
how such a small depth can generate such hard instances, we
must take the branching factor into account. The number of
words to be placed on a selected slot (branching factor) is
constrained by both the letters that could already exist in some
cells of that slot, and the arc-consistency (constraint propaga-



tion) algorithm implemented in COMBUS and other solvers.
In this domain, the branching factor is high at shallow depths,
as the grid is almost empty and many words from a dictio-
nary match a selected slot. For example, the root node has
the largest branching factor in practice, as it corresponds to
an empty grid. Typical values for the root branching factor
can reach an order of 103 or even 104. As more words are
placed on the grid, the branching factor often reduces. Even
if the depth is limited to small values, the large branching
factor can generate a significantly large search tree.

We bridge the the current section and the next one by
emphasising the importance of model counting in analysing
domain behaviour such as the phase transition and the
easy-hard-easy transition. As indicated by Williams and
Hogg [1992], in soluble instances, the hardness (i.e., effort
to find the first solution) can be estimated as the effort to ex-
haust the entire search space divided by the number of solu-
tions. We call this mean hardness. With an accurate estima-
tion of the number of solutions and the state space size, one
can predict the hardness of an instance.

Figure 2 shows an easy-hard-easy pattern exhibited by the
mean hardness of 6x6 puzzles. Here, the mean hardness is
computed as the number of nodes divided by the number of
solutions and further averaged over all 20 instances that corre-
spond to a given dictionary size. For instances that cannot be
entirely explored in the two-hour interval, the mean hardness
is computed as the number of nodes visited so far divided by
the number of solutions found so far.
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Figure 2: Mean hardness and probability soluble (6x6 grid).

Table 1 presents the expected number of solutions E(N),
the number of solutions and the solution density in 6x6 in-
stances. The data in the columns 2 to 4 correspond to the
instance with the largest number of solutions for a given dic-
tionary size. The last two columns, which both are measures
of the solution density, show mean values for all 20 instances.
SD(T ) is the number of solutions divided by the runtime.
SD(N) is the number of solutions divided by the number of
nodes. The results of the dictionary size in the range 10%
to 15% are shown in more detail, as they correspond to the
hardness peak illustrated in Figure 2. The last five rows on
the table correspond to instances whose entire search space
cannot be exhausted within two hours. Note that, in the easy
region beyond the dictionary size of 15%, the solution density
keeps increasing.

Dict. E(N) #Sol Time SD(T ) SD(N)
10% 0 4 12 0.33 0.002
11% 1 4 19 0.11 0.001
12% 4 16 45 0.13 0.001
13% 10 18 60 0.13 0.001
14% 26 48 77 0.20 0.002
15% 64 110 139 0.29 0.002

20% 2.1 × 103 3976 836 1.87 0.012

25% 3.0 × 104 36790 3750 6.47 0.035

28% 1.2 × 105 111676 6246 12.52 0.056

30% 2.2 × 105 ≥ 203602 7200 17.53 0.070

35% 1.3 × 106 ≥ 277067 7200 30.30 0.102

40% 7.2 × 106 ≥ 639397 7200 53.07 0.137

45% 3.0 × 107 ≥ 984688 7200 92.75 0.173

50% 1.1 × 108 ≥ 1231157 7200 141.66 0.203

Table 1: Number of solutions and solution density (6×6 grid).

4 Model Counting

This section focuses on computing the expected number of
solutions E(N) in crosswords. For the sake of simplicity and
without generality loss, the analysis presented below uses an
encoding where variables are defined for word slots but not
for individual cells. A binary intersection constraint is de-
fined for each pair of intersecting slots. Each pair of equal-
length slots generates one repetition constraint. Consider a
grid of size g × g with n slots and c intersection cells. An
intersection cell, where an intersection constraint is defined,
is a white cell that belongs to exactly two word slots. A dic-
tionary with m words is partitioned according to the length
of the words. There areml words of length l. The number of
slots of length l on the grid is nl.
The total number of assignments to the slot variables is

Na =
∏g

l=2 mnl

l . If an assignment respects all constraints,
then it is a valid solution. Only a small fraction of all assign-
ments are valid solutions: E(N) = Na ×pi ×pr, where pi is
the probability that all intersection constraints are respected,
and pr is the probability that all repetition constraints hold.
The probability that no repetition occurs in a random as-

signment to the slots of length l is p(l) = ml!
(ml−nl)!ml

nl
. The

probability that no repetition occurs on the grid is computed

as pr =
∏g

l=2 p(l) =
∏g

l=2
ml!

(ml−nl)!ml
nl
. By inserting the

formulas of Na and pr in the equation of E(N), we obtain:

E(N) = pi ×

g∏

l=2

ml!

(ml − nl)!
(1)

Initially, we have estimated pi with the formula
1

26c , which
can be obtained by assuming that (a) for a randomly selected
dictionary word, all 26 alphabet letters can appear on its i-
th position with the same probability; and (b) a collection of
Bernoulli random variables, defined one for each intersection
constraint to model whether a random assignment is consis-
tent with that constraint, are independent from each other. In
practice, this estimation turned out to be quite inaccurate. An
explanation could possibly be that the assumption (a) is too
strong, since the alphabet letters have quite different frequen-



cies in English. Finding a better estimation formula for pi

remains an open issue.

In practice, given a fixed grid size, a fixed pattern of
blocked cells and a dictionary of variable size, one could
compute the exact number of solutions for a small subset of
easier instances. Then, assign a constant value to pi, such
that the estimated values match the exact values as closely
as possible. We use this approach to assign a value to pi in
the following experiment, that evaluates the accuracy of our
E(N) formula. The experiment was run on 6x6 puzzles that
are small enough to compute the exact number of solutions.
These are the instances used in the upper part of Table 1. The
value of pi we found for these data is

1
17.5c , where c = 30.
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Figure 3: Estimated vs exact number of solutions (6x6 grid).

Figure 3 shows that, after assigning an appropriate value
to the multiplicative factor pi, the “Estimation” curve and the
“Exact” curve almost overlap, indicating that our formula to
compute E(N) can be quite accurate.

5 Solution Quality

We discuss the relevance of our theoretical study to the task
of creating quality crossword puzzles in practice. We point
out a relationship between the hardness of an instance and
the quality of its solutions, and discuss how solution quality
evolves during a phase transition. We argue below that the
quality is correlated with the dictionary size, a parameter that
generates a phase transition behaviour. A similar correlation
exists between the quality and the number of blocked cells,
another parameter whose variation generates a phase transi-
tion. However, to save room, we skip the discussion related
to the number of blocked cells.

Consider puzzles where all or part of the words have to be-
long to a common theme, such as names of musicians. We
call a thematic dictionary the list of musicians used to gener-
ate the grid. The quality of solutions depends directly on the
names in the thematic dictionary. Ideally, it would contain
only famous names, but this would restrict the dictionary size.
As a thematic dictionary grows larger, it will inherently con-
tain some not-so-famous names. Formally, consider a fixed
theme and a very large dictionary D. Every word w ∈ D
can be assigned a relevance score r(w) ∈ {0, 1, . . . ,K} with
respect to the given theme. A larger score indicates a more
relevant word. The dictionary D can be structured into a dic-

tionary hierarchy, i.e., a series of subsets D = D0 ⊃ D1 ⊃
· · · ⊃ DK , with Di = {w ∈ D|r(w) ≥ i}.
Being subjective in its nature, an accurate and generally

accepted definition for the quality of a solution (grid filled
with words) s is hard to provide. However, simple formulas
such as q1(s) = minw∈s r(w) or q2(s) =

∑
w∈s r(w) can

be useful in practice. For a solution quality measure q, such
as either of the above formulas, we define the quality lower
bound of a problem as q(p) = mins∈S(p)q(s). It is the lowest
quality score that its solutions can have. In particular, the
quality of the first solution found by a solver is not worse than
the lower quality bound. Consider two problem instances pi

and pj that are identical except for their thematic dictionaries
Di and Dj . Assume that Di and Dj belong to a dictionary
hierarchy and that i < j. Then q(pi) ≤ q(pj). This result
indicates that aiming at better quality lower bounds tends to
restrict the dictionary size.

This solution quality analysis applies not only to thematic
puzzles, but also to those where the quality of clues matters.
For example, in cryptic puzzles, each clue has to be original,
requiring a significant effort to create. Some words are easier
to be assigned good-quality clues than others, and some clues
might be considered better than others. To define a quality
measure q, words can be ranked according to the quality of
their clues available in a database, instead of using a thematic
relevance score.

In summary, obtaining a puzzle of higher quality tends to
require smaller dictionaries (or fewer blocked cells, or both).
Combined with the phase transition analysis presented in Sec-
tion 3, this indicates that instances with better quality guaran-
tees are located either in a hard region, or in an easy region
where very few solutions exist.

6 Related Work

Many real-life combinatorial problems exhibit phase transi-
tion phenomena. The existence of such a behaviour in AI do-
mains has been well known for more than two decades [Hu-
berman and Hogg, 1987; Cheeseman et al., 1991]. In propo-
sitional satisfiability (SAT), the classical phase transition is
observed when the ratio between the number of variables and
the number of clauses varies. Mitchell et al. [1992] show
that an easy-hard-easy pattern for SAT occurs as this ratio
increases, and that the hard instances occur in the phase tran-
sition region.

Lu et al. [2000] have pointed out the phenomenon in ran-
dom crossword puzzles by using small grids (3x3 and 4x4).
Later, Anbulagan and Botea [2008] have shown that realistic
crossword puzzles, with grid sizes up to 23x23, also exhibit a
phase transition and an easy-hard-easy pattern. Their experi-
ments were performed partially by varying the dictionary size
and number of blocked cells. Our work extends these, for ex-
ample, by studying such phenomena in a multi-dimensional
space and by integrating solution quality into the analysis.

Estimating the number of solutions and the solution den-
sity are important to analyse the evolution of problem features
such as the hardness and the constrainedness [Gent et al.,
1996]. Williams and Hogg [1992] pointed out that the hard-
ness can be estimated as the size of the state space divided by



the number of solutions. A method to estimate the number of
solutions in generic CSPs is proposed by Smith [1994].
The interest in the automated composition of crosswords

grids dates back to more than three decades ago. The ear-
liest contribution reported in the literature belongs to Ma-
zlack [1976]. In that work, a grid is filled with a letter-by-
letter approach. Then, Ginsberg et al. [1990] focus on an
approach that adds an entire word at a time. Later, Meehan
and Gray [1997] compare a letter-by-letter approach against
a word-by-word encoding and conclude that the latter is able
to scale up to harder puzzles.
Beacham et al. [2001] study how choosing a combination
of a problem encoding (which can be either CSP or SAT
based), a search strategy and a heuristic impacts the perfor-
mance of a grid composer. Samaras and Stergiou [2005] use
the crossword domain as a testbed for algorithms specific to
binary encodings such as the hidden variable encoding and
the double encoding. Katsirelos and Bacchus [2005] intro-
duce generalised nogoods, conflict sets that include not only
standard assignments (i.e., V = v), but also non-assignments
such as V 6= v. They run experiments using crosswords in-
stances, obtaining an improved performance as compared to
Beacham et al. [2001]. Lecoutre [2008] uses crosswords as
a testbed to study table constraints. Botea [2007] introduces
COMBUS, a crosswords-specific composer. Anbulagan and
Botea [2008] show that COMBUS is the first solver that can
solve 98 out of a standard set of 100 crosswords benchmark
problems. We believe that such a significant crosswords-
related research indicates a need for a thorough domain study,
which is the topic of this paper.

7 Conclusions and Future Work

Many decades after their invention, crosswords continue to be
a very popular puzzle around the world. In AI research, the
problem of automatically composing crosswords grids is rel-
evant both to constraint programming and to games. Despite
its practical and theoretical importance, no detailed study of
this domain has been available in the past.
Here, we presented a thorough analysis of this domain. We

emphasise a multi-dimensional phase transition behaviour,
generalising the usual practice to study it along only one di-
mension. As the estimated number of solutions can be used to
analyse and predict problem hardness, we introduce a model
counting formula for crosswords. We integrate a notion of
solution quality into a phase transition analysis, showing that
problems with better quality guarantees fall either in the hard
region or in the easy region with no or few solutions.
This study suggests a need for crosswords engines able to

tackle challenging problems that belong to the hard region.
In the future, we plan to develop algorithms able to compute
good-quality solutions instead of finding any solution.
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